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ARIMA (p, d, q)

Autoregressive Integration Moving Average

● Check for Stationarity (ADF Test)

● Transform the Series if Needed

● ACF/PACF Plots to Identify p and q

● Fit the Model

AR (p)

MA (q)

(Gonzalez-Rivera, 2013)
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What is a 
Vector 
Autoregression?

Γ

VAR (p)



VAR (1) Example (N =3)

• M1 = Currency in Circulation + 
Demand Deposits

• CPI is used as an example for 
Price Level
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VAR (1) Example (N =3)

(STAT 510 – VAR Models, Penn State Online)
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VAR (1)

(STAT 510 – VAR Models, Penn State Online)



VAR (1) and VAR (2)

(STAT 510 – VAR Models, Penn State Online)



VAR (1) and VAR (2) and VAR (p)

(STAT 510 – VAR Models, Penn State Online)



VAR (1) and VAR (2) and VAR (p)

N or P can be any Positive Integer!
(STAT 510 – VAR Models, Penn State Online)



Recall Our Papers Example

P = 1 and N = 3
# Parameters = 𝑃 × 𝑁2 = 9



Imagine This Scenario

P = 12 and N = 5
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Imagine This Scenario

P = 12 and N = 5
# Parameters = 𝑃 × 𝑁2 = ?



Imagine This Scenario

P = 12 and N = 5
# Parameters = 𝑃 × 𝑁2 = 300!?!



Assuming N is Fixed.
How to Choose P?

(Gonzalez-Rivera, 2013)



Impluse-Response Function

● Quantifies each variable's reaction to a shock 
from another variable

● Holds all other endogenous variables 
constant

● Reveals Internal dynamics of VAR model

𝐼𝑅𝐹

𝜕



Impluse-Response Function

(Gonzalez-Rivera, 2013)
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Note the Shock from this Example
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Impluse-Response Function

M1

Interest Rates

(Gonzalez-Rivera, 2013)



Impluse-Response Function

M1

Interest Rates

M1 Response to 𝑟𝑡 Shocks over Time

(Gonzalez-Rivera, 2013)



Impluse-Response Function
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Impluse-Response Function

Interaction Between Every Variable in VAR Model

(Gonzalez-Rivera, 2013)



Impluse-Response Function

Interaction Between Every Variable in VAR Model

(Gonzalez-Rivera, 2013)



What is a 
Vector Error 
Correction 
Model?

Φ

VECM (p-1)



VECM (p-1)

VECM also known as VEC

● Used when your process are Cointegrated with each other

● Very similar to VAR models

● Includes error correction mechanism

● Models in differences, not levels

𝛽′

𝛾



Do I Have Cointegration?

Engle-Granger 
Method

• Regress Between Two Series
• ADF Test on Residuals
• Stationary Results suggest 

Cointegration

Johansen Test

• Multivariate Test
• Determins the Number of 

Cointgreation Vectors

Graphically

• Not Explicit
• But Helps to Understand 

Cointegration



Graphical Representation

M1 
(Money Supply)

CPI 
(Price Proxy)Interest Rate
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(Goldkamp, 2020)
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Graphical Representation



Error Correction Term
(Goldkamp, 2020)



Recall the VAR (1) N = 3 Example

(STAT 510 – VAR Models, Penn State Online)
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Recall the VAR (1) N = 3 Example

(STAT 510 – VAR Models, Penn State Online)

Take Difference Add ECT



VECM Model

(STAT 510 – VAR Models, Penn State Online)

Take Difference Add ECT



VECM Model Simplification

Recall the Matrix Break Down from the VAR Model

(Gonzalez-Rivera, 2013)
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VECM Model Simplification
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VECM Model Simplification

(Gonzalez-Rivera, 2013)



Easiest Model 
For Last



Naive Model



Naive Model (Level)

Assumes the future value 
will be the same as the most 

recently observed value



Naive Model (Seasonal)

Assumes the future value 
will be the same as the most 
recent observation from the 
corresponding point in the 

previous cycle



Naive Model (Drift)

Assumes the future value 
will be the same as the most 
recent observation plus the 
drift of the entire series (d) 

times the horizon (h)



Thanks, Any 
Questions?
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